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Tomographic Analysis of Unsteady, Reacting Flows:
Numerical Investigation

Erik D. Torniainen,¤ Alexander K. Hinz,† and Frederick C. Gouldin‡
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The implementationof a new tomographic inversion method as a combustion diagnostic tool for the study of un-
steady, reacting � ows is evaluated using numerical experiments to reconstruct two-dimensional fuel concentration
distributions obtained from a numerical simulation of a turbulent reacting square jet. Reconstructions of nonaxi-
symmetric fuel concentration distributions are performed at various downstream locations from the jet exit using
only a few line integrals made along multiple offsets and viewing angles. The new inversion method expresses the
concentration distributions to be reconstructed as a weighted sum of Karhunen–Loève eigenfunctions, produced
by the Karhunen–Loève procedure. These Karhunen–Loève eigenfunctions and their associated time coef� cients
are mathematically constructed to form an optimal representation of the concentration distributions in the square
jet and systematically quantify their spatial and temporal downstream evolution. Near the exit of the jet, only one
eigenfunction is needed, and farther downstream more eigenfunctions (up to 24) are needed to capture the sig-
ni� cant features in the concentration distributions. Ultimately, accurate reconstructions of the fuel concentration
distributions at downstream locations away from the jet exit are obtained using only 28 line integrals. The effect of
the number of eigenfunctions used in the reconstruction and the measurement con� guration on the reconstruction
accuracy is examined.

Nomenclature
A = matrix of time coef� cients
ai = associated time coef� cient determined via

Karhunen–Loève procedure
C = matrix of concentrationdistributions
c = concentrationdistribution
Oc = best representationof concentrationdistribution
crecons = reconstructedconcentrationdistribution
D = two-time correlation matrix
dx = grid spacing of numerical output
EM = amount of information contained in M eigenfunctions
G = integration matrix
I = intensity of laser at detector
I0 = intensity of laser at source
k = discrete time indicator
kº = absorption coef� cient distribution
M = number of eigenfunctionsused in the reconstruction
NB = number of basis functions used to perform

reconstruction
NL = number of line integrals used to perform reconstruction
NM = number of Karhunen–Loève eigenfunctions
Np = total number of spatial points
Nt = total number of time realizations
Nx = number of points in x direction
Ny = number of points in y direction
PÁ = eigenfunctionprojection matrix
pc = vector of line integrals through a concentration

distribution
s = coordinate representing the location of line-of-sight

measurement at a particular viewing angle
t = coordinate in the direction of line-of-sightmeasurement
x; y = Cartesian coordinates
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® = vector of basis function coef� cients
®i = i th basis function coef� cient
µ = angle between x axis and s axis
·.PÁ/ = condition number of eigenfunctionprojection matrix
3 = eigenvalue matrix
¸i = i th eigenvalue
Ņ

i = normalized i th eigenvalue
¾i = i th singular value of the eigenfunctionprojection matrix
8 = Karhunen–Loève eigenfunctionmatrix
Ái = i th Karhunen–Loève eigenfunction

I. Introduction

T HE motivationfor theworkpresentedis theapplicationofa new
tomographic inversion method to the study of unsteady react-

ing � ows. The potential of this new inversion method, tomographic
reconstructionvia a Karhunen–Loève basis (TRKB method), to op-
erate effectively as a combustion diagnostic tool is evaluated using
numericalexperimentsperformedondataobtainedfroma numerical
simulationof a turbulent,reactingsquarejet.Thesenumericalexper-
iments simulate the implementationof the TRKB method on an un-
steady, reacting � ow and provide information as to the applicability
and performance of the TRKB method in combustion applications.

The TRKB method takes advantage of all available a priori in-
formation regarding the system under investigation and accurately
reconstructsnonaxisymmetric,two-dimensionalscalardistributions
using only a few well-con� gured, line-of-sightmeasurements.The
novel feature of the TRKB method is the expansion of the distri-
bution to be reconstructed as a weighted sum of Karhunen–Loève
(K–L) eigenfunctions formed from a training set, containing the a
priori information, using the K–L procedure.1 ;2 A priori informa-
tion is knowledge regarding the characteristics of the distributions
to be reconstructed, such as the physical extent, nonnegativity, or
shape of the distributions. The K–L procedure is a general math-
ematical analysis tool that constructs the K–L eigenfunctions in
an optimal manner in the sense that the K–L eigenfunctions more
accurately represent distributions in the training set using fewer
terms than any other basis function. In the TRKB method, the a
priori information is contained in a training set as a set of distribu-
tions that are representativeof the distributions to be reconstructed.
Because the K–L eigenfunctions are optimal, only a few eigen-
functions are typically needed to capture the prominent features
of the distributions in the training set. Consequently, only a few
line-of-sightmeasurementsare neededto determinethe contribution
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of each eigenfunction in a reconstruction. In addition, note that the
K–L eigenfunctions can represent all types of distributions, even
those containing discontinuities.3– 5

Previous work has shown that temperatureand concentrationdis-
tributions can be retrieved in a nonreacting, steady � ow with rela-
tively few measurementsprovided that an appropriatetraining set is
available.3– 6 An extensiveamountof a priori informationis required
to construct the distributionsin the training set, and this information
can be assembled in a numberof ways, includingnumerical simula-
tion (as in the present case) and in situ probe sampling.4 ;5 Previous
studies have used training sets containing relatively few members,
which were rather arbitrary in the sense that they were produced
intentionally to test the TRKB method.3– 6

Many combustion systems are unsteady (turbulent) and can ex-
hibit many degrees of freedom. In this paper, we evaluate the con-
struction of the training set and the performance of the TRKB
method given data representativeof combustionsystems. We utilize
the numerical simulation of a forced, turbulent reactive square jet
producedby Grinstein and Kailasanath7 of the Naval Research Lab-
oratory.This reacting � ow, described in detail in the next section, is
a turbulent reacting square jet of N2 and H2 issuing (with a periodic
forcing) into a quiescent background of N2 and O2 at a Reynolds
number greater than 8:5 £ 104 based on the equivalent jet diame-
ter. The training set contains fuel (H2 ) concentration distributions
produced by the square jet simulation at a given downstream loca-
tion for a series of time realizations.Unlike previous work with the
TRKB method, the distributions in the training set are taken from
an unsteady,reacting� ow not intentionallyproducedto evaluate the
TRKB method. The use of this square jet simulation, characteristic
of an unsteady combustion situation, allows the TRKB method to
be tested in the most realistic situation to date.

Previouswork has beenperformedby a numberof investigatorsto
study the applicationof tomographic inversionmethods to combus-
tion systems.8 – 12 The difference distinguishing the TRKB method
from these previous works is the focus on the reconstruction of
nonaxisymmetric,two-dimensionaldistributionsusing as few mea-
surementsas possible(note that the objectiveof Ref. 12 was also few
measurements). The need for only a small numberof measurements
allows the TRKB method to be implemented in situations where
other tomographic methods requiring many line-of-sight measure-
ments, i.e., Fourier methods,13;14 may not be feasible.

The practical implementation of the TRKB method requires that
rapid line-of-sight absorption measurements be made at multiple
viewing angles. Work is currently in progress at Cornell University
to develop a measurement system that can be used to make up to
720 absorption measurements distributed over six viewing angles
as needed for reconstructions via the TRKB method. An array of
high-speed InAs infrared detectors in conjunctionwith two tunable
infrared color center lasers is planned to make these measurements.
As an initial step, concentrationdistributionswill be reconstructed
in an unsteady� ow at a known temperature.The training set needed
for the TRKB method will be obtained by experiment, possibly
using another tomographic inversion method, Finite Domain Di-
rect Inversion (FDDI),12 or by computer simulation. It is planned
that eventually time-resolved temperature and concentrationdistri-
butions will be reconstructed from measurements made using two
color-center lasers.

The reconstructionof concentrationdistributionsfrom the square
jet simulationusingtheTRKB methodis decomposedinto two steps.
The � rst step, the representationstep, is the K–L analysisof a set of
concentration distributions for a series of time intervals at a given
downstream location. It is important to establish the suitability of
a subset of K–L eigenfunctions,containing only a small number of
eigenfunctions, to effectively represent the distributions at a given
downstreamlocationand capture the signi� cant features.The eigen-
functions thus determined are used as basis functions in the second
step, the inversion step. The inversion step is the reconstruction of
a concentrationdistributionat a given downstream location given a
set of line integrals.

II. Turbulent Reacting Square Jet
The data used in this paper were produced from a numerical sim-

ulation of a turbulent reacting square jet performedby Grinstein and

Fig. 1 Domain of the square jet simulationextends §§ 3De from the jet
axis in the cross-stream direction and 5.3De downstream from the jet
exit; downstream locations of interest are 5dx; 15dx, etc., indicating the
distance from the jet exit.

Kailasanath7 at the Naval Research Laboratory.An initially laminar
jet of the fuel H2 diluted in N2 issues into a quiescentbackgroundof
O2 dilutedin N2 . The jet exitvelocityis 200m/s with a Machnumber
equal to 0.3.The backgroundgases are at 1 atm and 1400K to ensure
autoignition of the jet. The jet has a Reynolds number >8:5 £ 104

based on the equivalent jet diameter De . The computations were
performed for 80 time steps on a grid containing 80 £ 80 £ 120
grid points and output onto a grid containing 60 £ 60£ 120 grid
points. The individual cell spacing dx of the output grid is equal to
0.015cm, and the equivalent jet diameter De is equal to 22.56dx .
The exit jet velocity is forced sinusoidally through velocity � uctua-
tions at an rms level of 2.5% of the jet exit velocity over a period of
10 time steps.Ultimately, for our investigationwe examinedthe fuel
(H2) concentration distributions at downstream locations indicated
by 5dx , 15dx , 25dx; : : : ; 115dx . Figure 1 shows the jet under in-
vestigation. Further details regarding the square jet simulation can
be obtained in Ref. 7.

III. TRKB Method
A. Background: Tomographic Inversion

The TRKB method3 is a tomographicinversionmethoddeveloped
to reconstruct an unknown, two-dimensional distribution from a
small number of well-con� gured, line-of-sight measurements. The
central mathematical problem in the general � eld of tomographic
inversionis the reconstructionof an unknowndistributionfrom line-
of-sight measurements obtained through the absorption, emission,
or re� ectanceof a probe,e.g., laserbeamandx rays.13 A line-of-sight
measurementalongan offsets andangleµ is de� nedmathematically
by the line integral

pc.s; µ/ D
C1

¡1
c.s cos µ ¡ t sin µ; s sinµ C t cosµ / dt .1/

where t is the direction along the line-of-sight measurement and
c.x; y/ is the unknown distribution to be reconstructed (Fig. 2).

In a real experiment, a line-of-sightmeasurement pkº .s; µ/ might
be obtainedby measuringthe attenuationof a laser beam as it passes
through the unknown distribution, i.e.,

pkº .s; µ/ D ¡
I

I0

D
C1

¡1
kº.s cosµ ¡ t sin µ; s sin µ C t cos µ/ dt (2)

where I is the intensity of the laser at the detector (after passing
through the distribution) and kº.x; y/ is the absorption coef� cient
distribution. Line integrals taken through the concentration distri-
bution are used in this work to simulate experimental line-of-sight
absorption measurements. An absorption measurement is obtained
by measuring the attenuation of a laser beam and is a function of
kº.x; y/ [as described in Eq. (2)], which is in turn a function of
the temperature and concentration distributions of the species un-
der investigation. In a combustion experiment where the tempera-
ture varies, laser absorptionmeasurements obtained at two or more
frequencies are required to reconstruct concentration distributions
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Fig. 2 Measurement geometry for the tomographicinversion problem;
x and y are laboratory coordinates. At a given viewing angle µ, line-of-
sight measurements are taken through lines parallel to t at given offsets
(s1; s2, etc.) through the distribution c(x; y) to be reconstructed.

because temperaturedistributionsmust also be determined.Further,
in an actual combustion experiment it is likely that another species
such as methane rather than H2 , which does absorb in the infrared,
would be studied. Note, in general, that the inversion problem is ill
posed because the line-of-sight measurements are taken only at a
discrete set of offsets and angles.

B. Reconstruction via the TRKB Method
The TRKB method makes the inversion problem well posed by

assuming that the concentration distribution to be reconstructed,
c.x; y/, is a linear combination of basis functions Ál .x; y/, i.e.,

c.xi ; y j / D
NB

l D 1

®lÁl .xi ; y j /

(3)
i D 1; 2; : : : ; Nx ; j D 1; 2; : : : ; Ny

NB indicates the number of basis functions used in the expansion,
and ®l are the basis function coef� cients. The novel feature of the
TRKB method is the use of K–L eigenfunctionsas basis functions.
The K–L eigenfunctions are chosen as a basis set for the inversion
process because they optimally represent the a priori information in
the training set, are easily calculated using the K–L procedure, and
are capable of representing all types of distributions. Recall that a
priori information is knowledge regarding the characteristicsof the
distributions to be reconstructed, such as the physical extent, non-
negativity,and shape of the distributions.As alreadymentioned, the
K–L eigenfunctions form an optimal basis, which means that the
fewest terms (as compared to any other basis functions) are needed
to achieve a given level of accuracy in the representation of distri-
butions in the training set. If the training set contains distributions
characteristicof thedistributionsto be reconstructed,thenonlya few
K–L eigenfunctionsareneededas basis functionsfor the reconstruc-
tion. Because only a few eigenfunctionsare needed to perform the
reconstruction,only a small number of line-of-sightmeasurements
is required to determine the appropriatebasis function coef� cients.

C. Determination of the Basis Function Coef� cients
To obtain a reconstruction, it is necessary to determine the basis

function coef� cients in Eq. (3). The basis function coef� cients are
determinedby formulatinga least-squaresproblem to minimize the
norm3

kPÁ® ¡ pck .4/

where PÁ is the eigenfunction projection matrix containing line
integrals of the eigenfunctions, ® is a vector containing the un-
known basis function coef� cients, and pc is a vector containing
the line integrals of the unknown concentration distribution [see
Eq. (1)]. In an actual combustion experiment, the elements of pc are
the line-of-sight absorption measurements, i.e., measurements of
laser attenuation.Because the number of line integrals NL is greater
than the number of basis functions NB , the least-squares problem

is overdetermined,which reduces the effect of noise or random er-
ror on the determination of the unknown coef� cients ® (Ref. 15).
This overdeterminedleast-squaresproblem, which may be rank de-
� cient/ill conditioned(see Results section), is solved using singular
value decomposition.16

D. K–L Procedure
The K–L procedure1 ;2 is a generalmathematicaltool that we have

applied to the tomographic inversionproblem. In the square jet sim-
ulations, the K–L procedure is used to identify large-scale spatial
structures in a systematic manner, from which information regard-
ing the spatiotemporal behavior of the concentration distributions
in the jet may be developed. The procedure is well suited to study
the square jet simulation because, as we will show, there are only
a few dominant eigenfunctions or spatial structures present in the
concentrationdistributionsof the square jet. Additionally, the K–L
procedure has been used previously by a number of researchers to
identify spatial structures in physical � ows.1 ;2;17 The procedurede-
composes the concentrationdistributionsin the square jet into more
important eigenfunctions, as well as less important eigenfunctions
with respect to the representationof the concentrationdistributions,
and provides quantitative measures of the relative contribution of
each eigenfunction.

The K–L eigenfunctions are formed from a set of distributions
called the training set. The K–L eigenfunctionsare mathematically
constructed to form an optimal, orthogonal basis for the represen-
tation of any distribution in the training set. In practice, the distri-
butions in the training set can be obtained in a number of ways,
including point-by-point probe sampling of the system or applica-
tion of another tomographic method. In this paper, the square jet
simulation provides fuel concentrationdistributionsfor the training
set at various downstream locations as a series of time realizations.

Mathematically, the K–L procedure, as applied in this case, de-
composes the training set of fuel concentrationdistributionsfcg cal-
culated at a set of discrete time realizations (denotedby k) into a set
of orthonormal eigenfunctionsfÁg and associated time coef� cients
fag:

c.xi ; y j ; k/ D
NM

l D 1

al.k/Ál .xi ; y j /

(5)

i D 1; : : : ; Nx ; j D 1; : : : ; Ny ; k D 1; : : : ; Nt

The K–L eigenfunctions are determined using the method of
snapshots,2;3 which states that the associated time coef� cients and
eigenfunctionsare calculatedby solvingthe matrix eigenvalueprob-
lem

D A D A3 .6/

where D 2 RNt £Nt , A 2 RNt £NM , and 3 2 RNM £NM ; A is a matrix
containing the associated time coef� cients for all of the eigenfunc-
tions; and 3 is a diagonal matrix containing the NM eigenvalues
(discussed subsequently) along the diagonal.The two-time correla-
tion matrix D is de� ned by

D D .1=Nt /CGC T .7/

where N p.D Nx £ Ny / is the number of spatial points; C 2 RNt £Np

and G 2 RNp £Np ; C is the training set; and G is the appropriate
integration matrix, which performs a spatial integration as dictated
by the continuous formulation.3 Once A and 3 are determined by
solving Eq. (6), the K–L eigenfunctionsare calculated using

8 D .1=Nt /3
¡1 AT C .8/

where 8 2 RNM £Np is a matrix containing NM eigenfunctions.
Each eigenfunctionÁi has an associatedeigenvalue¸i classifying

the importance or energy of that eigenfunctionin the representation
of distributions in the training set. Because the K–L procedure is
often applied to � uid mechanical problems where the eigenvalues



TORNIAINEN, HINZ, AND GOULDIN 1273

measure the kinetic energy of the � ow, the terminologyof the eigen-
value as a measure of energy has become prevalent.1 ;17 We retain
the use of the eigenvalues as a measure of energy, although the
eigenvaluesdo not correspond to the kinetic energy of the � ow. The
eigenfunctions are arranged in order of importance, i.e., the � rst
eigenfunction has the largest eigenvalue, the second eigenfunction
has the second largest eigenvalue, and so on. The total amount of
information or energy contained in a subset of eigenfunctions is
classi� ed using normalized eigenvalues. A normalized eigenvalue
Ņ

i is de� ned as2

Ņ
i D ¸i

X NM
j D 1 ¸ j

.9/

Further, the normalized energy in the � rst M eigenfunctions EM is
de� ned as

EM D
M

i D 1

Ņ
i .10/

Therefore, given a set of eigenfunctions and eigenvalues, it is pos-
sible to quantify the amount of information or energy contained in
a subset of M eigenfunctions.

E. Reconstruction Methodology
Recall that the purpose of the numerical experiments is to evalu-

ate the capability of the TRKB method to reconstructconcentration
distributions from the square jet simulation at several downstream
locations.The effectivenessof the K–L procedureto constructan ef-
fective basis function set for the inversion must be evaluated.Other
questionsmust also be addressed.Is there a subsetof eigenfunctions
that capturesthe importantfeaturesin theconcentrationdistributions
of the square jet simulation?How do the concentrationdistributions
in the jet behave downstreamof the jet exit? How does the measure-
ment con� guration affect the reconstruction?How does the number
of eigenfunctionsused in the reconstructionaffect the results?

The numerical experiments consist of two processes: 1) the rep-
resentationprocess and 2) the inversionprocess.The representation
process relates to the formation of the K–L eigenfunctions from
a training set composed of concentration distributions at a single
downstream location at 80 time realizations. Because the eigen-
functions form an optimal basis set, only a subset of eigenfunctions
is needed to capture the major features of the concentration distri-
butions at a given downstream location. The inversion process uses
a subset of K–L eigenfunctionsas a basis set for the reconstruction
of a concentration distribution at the given downstream location.
Line integrals of the eigenfunctionsand the concentrationdistribu-
tion are calculated, and a least-squares problem is posed [Eq. (4)].
The singular value decomposition is then used to solve for the basis
functioncoef� cients and determinea reconstruction.This process is
shown schematicallyin Fig. 3. The inversion process is repeated for
concentration distributions taken at different time realizations and

Fig. 3 Flowchart of the TRKB reconstruction process, including the representation process (shown in the box in the upper-left-hand corner) and the
inversion process (everything outside the box in the upper-left-hand corner).

for different arrangementsof line integrals (known as measurement
con� gurations).

IV. Results
Results obtained from performing numerical experiments on the

square jet simulation data at various downstream locations are ex-
amined. The results are separated into two sections, the representa-
tion and inversion results. The representationresults cover the K–L
analysisof concentrationdistributionsat downstreamlocationsnear
the jet exit (5dx ), far from the jet exit (105dx ), and an intermedi-
ate distance from the jet exit (65dx). The inversion results focus
on downstream locations farther from the jet exit, where the � ow
is more complex and tomographic inversion is more challenging.
Inversion results are shown for positions 65dx; 85dx , and 105dx .

A. TRKB Inversion: Representation Results
The � rst K–L eigenfunctions,formedby performingthe K–L pro-

cedure on sets of concentrationdistributionsfor 80 time realizations
at the downstream locations 5dx; 65dx , and 105dx are shown in
Fig. 4. The normalized eigenvalue spectra for all three downstream
locations are shown in Fig. 5.

At downstream location 5dx , the � rst eigenfunctionhas a square
top-hat shape, whereas at positions 65dx and, especially, 105dx ,
the � rst eigenfunction has rounded features and ridges extending
away from the jet axis. Because the � rst eigenfunction has the
largest eigenvalue, it can be considered to be the distribution most
correlated with all of the concentration distributions at the given
downstream location. Therefore, the � rst eigenfunction traces the
downstreamdevelopmentof the fuel concentrationin the � ow from
a uniformconcentrationat the jet exit to a more diffuse and complex
distribution farther downstream.

The normalized eigenvalue spectra show the relative importance
of each eigenfunction in the representation of distributions in the
training set. The normalized eigenvalue spectra show that the en-
ergy or information associatedwith the � rst few eigenfunctionsde-
creases with downstream location. This can be seen quantitatively
by examining EM , de� ned in Eq. (10), for downstream locations
5dx; 65dx , and 105dx (Table 1). Because the energy in the � rst few
eigenfunctions decreases with downstream location, the energy in
the other eigenfunctionsmust increase. Therefore, to represent the

Table 1 Comparison of the energy contained in a subset of K–L
eigenfunctions at downstream locations 5dx; 65dx, and 105dx

EM
a 5dx, % 65dx, % 105dx , %

E1 >99:9 93.1 80.5
E6 >99:9 98.2 93.4
E10 >99:9 98.9 96.1

aDe� ned in Eq. (10).
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Fig. 4 First K–L eigenfunctions for downstream locations 5dx; 65dx,
and 105dx.

Fig. 5 Normalized eigenvalue spectra for downstream locations
5dx; 65dx, and 105dx.

signi� cant features in the � ow, more eigenfunctionsmust be used
in the representationas one proceeds farther downstream.

Anotherway to examinethedownstreamdevelopmentof the � ow,
as well as the representational capabilities of the K–L eigenfunc-
tions, is to consider the representationof concentrationdistributions
in the training set. The best representationof a concentrationdistri-
bution c.x; y; tk / by a subset containing M K–L eigenfunctions is

c.x; y; tk / »D Oc.x; y; tk/ D
M

i D 1

ai .tk /Ái .x; y/ .11/

where Oc.x; y; tk / is the best representation of c.x; y; tk/ given
only the � rst M eigenfunctions. The best representation of the

Concentration distribution at location 5dx

Error in the best representation using 1 eigenfunction

Representation error using 6 eigenfunctions

Representation error using 10 eigenfunctions

Fig. 6 Representation of a concentration distribution at downstream
location 5dx.

concentration distribution is simply the sum of the � rst M eigen-
functions and their associated time coef� cients ai as determined
by the K–L procedure.3 The representation Oc.x; y; tk / is called the
best representationof c.x; y; tk/ becauseit minimizes the difference
between Oc and c given the � rst M eigenfunctions. Mathematically
stated, the best representation minimizes the norm, kc ¡ Ock, given
M eigenfunctions.3

The representation of a concentration distribution at 5dx using
1, 6, and 10 eigenfunctions is shown in Fig. 6. Similarly, represen-
tation results for downstream locations 65dx and 105dx are shown
in Figs. 7 and 8, respectively. The representational capability of a
subset of eigenfunctionsis demonstratedby the relatively small (in
comparison with the magnitude of the concentration distributions
being represented) representation errors present. Because the � ow
developsdownstream, at 5dx the concentrationdistribution is more
effectively represented than at 65dx and 105dx using the same
number of eigenfunctions.The representationresults are quanti� ed
using two error measures.18

1) Normalized rms measure

rms D
kc.xi ; y j / ¡ Oc.xi ; y j /kF

kc.xi ; y j / ¡ NckF
.12/
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Concentration distribution at location 65dx

Error in the best representation using 1 eigenfunction

Representation error using 6 eigenfunctions

Representation error using 10 eigenfunctions

Fig. 7 Representation of a concentration distribution at downstream
location 65dx.

where

Nc D
Nx

i D 1

Ny

j D 1

c.xi ; y j /

Nx Ny

is the average value of the distributionand k ¢ kF denotes the Frobe-
nius norm. Recall that the Frobenius norm of a matrix is the square
root of the sum of the squared elements of the matrix.

2) Normalized absolute measure

abs D
Nx

i D 1

N y

j D 1

jc.xi ; y j / ¡ Oc.xi ; y j /j
Nx

i D 1

Ny

j D 1

jc.xi ; y j /j

(13)

The decrease in the representation error as the number of eigen-
functions is increased can be further demonstrated by using the
normalized rms and abs error measures. Table 2 shows that at each
downstream location the representationerror decreasesas the num-
ber of eigenfunctions is increased.

The application of the K–L procedure to the square jet simula-
tion has shown the developmentof the square jet with downstream
position. It has also been shown that it is necessary to use more

Table 2 Results of representing a concentration distribution
at downstream locations 65dx; 85dx, and 105dx

No. of eigenfunctions: 1 6 10

RMS 5dx 0.0375 0.00179 0.00119
ABS 5dx 0.0289 0.00124 8.06e-4
RMS 65dx 0.163 0.130 0.108
ABS 65dx 0.182 0.147 0.114
RMS 105dx 0.635 0.311 0.223
ABS 105dx 0.690 0.387 0.269

Concentration distribution at location 105dx

Error in the best representation using 1 eigenfunction

Representation error using 6 eigenfunctions

Representation error using 10 eigenfunctions

Fig. 8 Representation of a concentration distribution at downstream
location 105dx.

eigenfunctions to represent the more complex features present at
farther downstream locations. Because these eigenfunctions serve
as basis functions for the reconstruction, the need to use a greater
number of eigenfunctionsdirectly affects the inversionprocess (see
Inversion Results).

B. TRKB Inversion: Inversion Results
The reconstruction of 80 concentration distributions at three

downstream locations, 65dx; 85dx , and 105dx, was performed us-
ing numerically simulated line-of-sight measurements (line inte-
grals). Accurate reconstructionscapturing the major features of the
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� ow were obtained using only 28 line integrals obtained at four
viewing angles (0, 45, 90, and 135 deg). Reconstructions using 42
line integrals obtained at six viewing angles (0, 45, 63, 90, 135, and
153 deg) were also performed for comparison. In general, the num-
ber of eigenfunctions used in the reconstruction and the condition
number of the eigenfunctionprojectionmatrix were found to affect
the reconstructionaccuracy.

Errors resultingfrom the reconstructionof concentrationdistribu-
tions can be classi� ed into three types: reconstructionerrors, repre-
sentationerrors,and retrievalerrors (Fig. 9). The differencebetween
the concentration distribution to be reconstructed, c, and the best
representation Oc using M eigenfunctionsis called the representation
error. The size of the representationerror is determinedby the num-
ber of eigenfunctionsused in the best representation.As the number
of eigenfunctions increases, the best representation more closely
represents the concentrationdistribution, and the representationer-
ror decreases. Ultimately, the best representation Oc is equivalent to
the concentration distribution c if all of the basis functions NB are
used in the representation.The differencebetween the reconstructed
distributioncrecons using M eigenfunctionsand the concentrationdis-
tributionc is called the reconstructionerror.The differencebetween
the best representation and the reconstructed distribution is called
the retrieval error. The size of the retrieval and reconstructionerror
is determined by the accuracy of the reconstructions produced by
the inversion process. The minimum reconstruction error using M
eigenfunctions occurs when the reconstructed distribution equals
the best representation and the retrieval error goes to zero. Recon-
struction, representation, and retrieval errors can all be quanti� ed
using the error measures described earlier.

The reconstruction of a concentration distribution at the down-
stream location 65dx is shown in Fig. 10. This reconstructionuses
only 11 eigenfunctions and 28 line integrals over four viewing an-
gles. The normalized rms and absolutemeasures for the reconstruc-
tion error are 0.122 and 0.137, respectively, for the reconstruction
shown in Fig. 10. The normalized rms and absolute measures for
the retrieval error are 0.064 and 0.058, respectively, for the same
reconstruction.The normalized rms and absolute measures for the
representationerror are 0.104 and 0.116, respectively, for the same
reconstruction. The error in the reconstruction (in Fig. 10) is pre-
dominantlysmall except for a number of sharp peaks corresponding
to regions of high gradients in the original distribution.Rather than
show all of the reconstruction results performed in this study, the
reconstruction in Fig. 10 is provided as a sample result that is typ-
ical of those obtained using the TRKB method, and henceforth, a
summary of the reconstructionresults is presented.

The results of reconstructingall 80 concentrationdistributionsat
65dx using only 28 line integrals are shown in Table 3. The normal-

Table 3 Results of reconstructing 80 concentration distributions
using 28 line integrals (seven measurements at four viewing angles:

0, 45, 90, and 135 deg)

Value 65dx 85dx 105dx

Reconstruction error
RMS 0.130 0.165 0.284
ABS 0.146 0.195 0.330

Retrieval error
RMS 0.075 0.127 0.261
ABS 0.075 0.146 0.300

Representation error
RMS 0.105 0.105 0.109
ABS 0.122 0.128 0.137

Condition number
·.PÁ/ 7.5 12 42

No. of eigenfunctions
11 19 24

Fig. 9 Reconstruction errors.

ized rms and absolute measures shown in Table 3 are mean values
obtained by averaging the reconstruction results of all 80 distribu-
tions. At location 65dx , 11 eigenfunctionscorrespond to an energy
of 99% (E11 D 99%). The number of eigenfunctions required to
achieve an energy of 99% at location 85dx is 19. The results of
reconstructing all 80 concentration distributions at location 85dx
using 19 eigenfunctionsand 28 line integrals are shown in Table 3.
Similarly, the results of reconstructingall 80 concentrationdistribu-
tions at location 105dx using 24 eigenfunctions (99% energy) are
shown in Table 3. It is seen that, although the reconstructionresults
worsen as one progresses downstream, the reconstruction results
are, in general, accurate using only 28 measurements.

The results of reconstructingall 80 concentrationdistributionsat
65dx; 85dx , and 105dx using42 line integrals(sevenmeasurements
at six angles) are shown in Table 4. The values listed in Table 4 are
obtainedin thesamemanneras inTable3 exceptthat42 line integrals
were used rather than 28 line integrals;11 eigenfunctions,19 eigen-
functions, and 24 eigenfunctionswere used to perform reconstruc-
tions at locations 65dx; 85dx , and 105dx , respectively.Because 42
line integrals provide more information regarding the distribution
to be reconstructedthan 28 line integrals, the reconstructionresults
using 42 line integrals are more accurate. (Condition numbers are
lower for 42 measurements; see subsequent discussion.)

Concentration distribution normalized by maximum concentration at
65dx

Measurement con� guration used to perform the reconstruction

Reconstruction error

Fig. 10 Reconstruction of a concentration distribution at downstream
location 65dx using 11 eigenfunctions.
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Table 4 Results of reconstructing 80 concentration distributions
using 42 line integrals (seven measurements at six viewing angles:

0, 45, 63, 90, 135, and 153 deg)

Value 65dx 85dx 105dx

Reconstruction error
RMS 0.120 0.128 0.154
ABS 0.136 0.152 0.182

Retrieval error
RMS 0.057 0.074 0.108
ABS 0.058 0.084 0.128

Representation error
RMS 0.105 0.105 0.109
ABS 0.122 0.128 0.137

Condition number
·.PÁ/ 5.1 6.3 11

No. of eigenfunctions
11 19 24

Fig. 11 Comparison of condition number of the eigenfunction projec-
tion matrix and the mean normalized rms measure of the retrieval error
for reconstructing 80 distributions at location 105dx.

In general, the reconstruction accuracy at a given downstream
location depends on the measurement con� guration (number and
arrangementofmeasurementlinesof sight) and thenumberof eigen-
functions used in the reconstruction.

Intuitively, some measurement con� gurations will produce more
accurate reconstructions than others. Quantitatively, the effective-
ness of a measurementcon� gurationcan be measuredusing the con-
dition number of the eigenfunction projection matrix PÁ (Ref. 3).
The condition number ·.PÁ / is de� ned as

·.PÁ / D ¾1=¾n .14/

where ¾1 and ¾n are the largest and smallest singular values of PÁ ,
respectively, and may be obtained from the singular value decom-
positionof PÁ . If the conditionnumber is large [O.102/], the eigen-
function projection matrix is ill conditioned, and large errors may
result when calculating the reconstruction. Conversely, if the con-
dition number is small [O.101/], then the eigenfunctionprojection
matrix is well conditioned,and small errors result when calculating
the reconstruction. The effect of ·.PÁ / on the mean normalized
rms measure of the retrieval error is shown in Fig. 11, where the
reconstruction of 80 concentration distributions at location 105dx
is shown. ·.PÁ / is varied by choosing different measurement con-
� gurations. Note that, in Fig. 11, 12 different measurement con� g-
urations are used, and all reconstructions used 24 eigenfunctions.
For each ·.PÁ /, all 80 concentrationdistributions at 105dx are re-
constructed and the mean normalized rms measure of the retrieval
error is calculated.Examinationof Fig. 11 shows that, as ·.PÁ / de-
creases, the accuracyof the reconstruction,asmeasuredby the mean
normalized rms measure, increases. Smaller condition numbers are
the reason for the lower reconstructionand retrieval errors using 42
line integrals (Table 4) instead of 28 line integrals (Table 3).

The reconstruction accuracy is also affected by the number of
eigenfunctions used. Earlier in this section, it was demonstrated
that, as the � ow develops downstream and becomes more complex,
the number of eigenfunctionsneeded to representthe major features
of the � ow increases. Therefore, reconstructionsperformed farther
downstream require more eigenfunctions for the same representa-
tion accuracy. Super� cially, the use of as many eigenfunctions as
possible to perform the reconstructions poses an attractive option
because the more eigenfunctions that are included, the greater the
number of � ow features that are captured. This idea is limited be-
cause the higher (60th, 70th, : : :) eigenfunctions contain substan-
tially less energy than the lower (1st, 2nd, : : :) eigenfunctions(see
Fig. 5), so that the relative contributionof each of the higher eigen-
functions is considerably smaller than that of the lower eigenfunc-
tions. Also, given a set of line-of-sightmeasurements to perform a
reconstruction,as the number of eigenfunctions increases, the con-
dition number of the eigenfunction projection matrix rises and the
retrieval error increases.This is the reason for the increased error at
location 105dx as compared with 65dx in Table 3. In both cases,
the same set of line-of-sight measurements is used, and the repre-
sentation error at both locations is the same. The difference is that,
at 65dx , 11 eigenfunctions are used, and at 105dx , 24 eigenfunc-
tions are used. This results in a higher condition number at location
105dx , ·.PÁ / D 42, than at 65dx , ·.PÁ / D 7:5, producing higher
errors in the reconstructionat 105dx .

V. Summary and Conclusions
Numerical experiments using the TRKB method have success-

fully reconstructedfuel concentrationdistributionsat variousdown-
stream locations in an unsteady, reacting � ow obtained from a nu-
merical simulation of a turbulent reacting square jet. Training sets
were constructed using concentration distributions at given down-
stream locations. The K–L procedure was applied to the training
sets to produce sets of K–L eigenfunctions,which serve as the basis
functions for the tomographic inversion. Because the K–L eigen-
functions form an optimal basis, a small subset of K–L eigenfunc-
tions captures the signi� cant features of the concentrationdistribu-
tions. As the scalar � elds developed downstream, it was necessary
to use more eigenfunctions (than at the jet exit) to represent their
increasingly complex structure. With a subset of eigenfunctionsas
basis functions, accurate reconstructionsof concentrationdistribu-
tions were obtained with only 28 and 42 line integrals.

The training set, which containedfuel concentrationdistributions
from the reacting turbulent square jet simulation, was larger (80
members) and more characteristic of unsteady combustion situa-
tions than any previous work with the TRKB method. To perform
accurate reconstructionsrequiring only a few measurements, it was
necessary that the K–L eigenfunctionscompactly represent the sig-
ni� cant features in the distributions.Becauseof theiroptimal nature,
the K–L eigenfunctionseffectivelycaptured the spatiotemporalbe-
havior of the distributions with only a few members. A subset of
only 24 eigenfunctionswas required to capture the prominent fea-
tures at location 105dx , whereas many fewer were required closer
to the jet exit.

Several generalizationsregardingthe TRKB methodcan be made
from the results. The conditionnumber of the eigenfunctionprojec-
tion matrix was found to measure the effect of a given measurement
con� guration on the accuracy of the reconstruction.The number of
eigenfunctions used in the reconstruction was determined to be an
important consideration in the reconstruction process. If too many
eigenfunctions are used for a � xed number of measurements, then
the accuracy of the reconstruction is compromised (retrieval er-
ror), but if too few eigenfunctionsare used, then the distribution to
be reconstructedis inadequately represented (representationerror).
To determine the proper number of eigenfunctions, one must � rst
choose a subset of eigenfunctionsthat providesa satisfactoryrepre-
sentationof the � ow. Second, themeasurementcon� gurationand the
numberof lines of sightmust be determinedsuch that the eigenfunc-
tionprojectionmatrixhasa small conditionnumber.Given that these
two criteria are satis� ed, accurate reconstructioncan be performed.
Fortunately, these two criteria can be satis� ed prior to any recon-
struction, given that a training set has been obtained. In addition,
the numerical experiments can be used to design a combustion
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experiment providing a framework for the experimental setup. For
example, the measurement con� guration resulting in the smallest
condition number can guide the arrangement and number of ab-
sorption measurements in the experiment.

Although the TRKB method successfully reconstructedconcen-
tration distributions in the numerical experiments, the practical im-
plementationof the TRKB method as a combustion diagnostic tool
involves issues outside of the scope of this paper. These issues in-
clude the construction of a training set in cases where numerical
simulation is not appropriate,modeling the path of the line-of-sight
measurements,the effectof experimentalerror on the reconstruction
accuracy,and problems associatedwith opticalaccess. These issues
have been examined in detail elsewhere for a steady, nonreacting
� ow. In a reacting � ow, reconstructionof concentrationand temper-
ature distributions requires absorption measurements performed at
two or more frequencies. If the � ow is unsteady, it is also necessary
to obtain the absorption measurements quickly enough to capture
the transient features.These issues associatedwith the experimental
implementationof the TRKB methodon unsteadyreacting� ows are
currently being investigated.
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ted for publication).

4Torniainen, E. D., Lam, K. W., Chojnacki, A. M., Gouldin, F. C., and
Wolga,G. J., “TomographicReconstructionofAbsorptionCoef� cient Distri-
butions from a Limited Number of Laser Absorption Measurements,” 1995
Fall Technical Meeting of the Eastern States Section of the Combustion In-
stitute (Worcester, MA), CombustionInst., Pittsburgh,PA, 1995,pp. 63–66.

5Torniainen, E. D., and Gouldin, F. C., “Tomographic Reconstruction
of 2-D Methane Concentration Distributions from a Limited Set of Infrared
AbsorptionData,” CombustionScience Technology, Vol. 131,No. 1–6, 1998,
p. 85.

6Chojnacki, A. M., Sarma, A., Wolga, G. J., Torniainen, E. D., and
Gouldin, F. C., “Infrared Tomographic Inversion for Combustion and Incin-
eration,” CombustionScience Technology, Vol. 116/117,1996,pp. 583–606.

7Grinstein, F. F., and Kailasanath, K., “Three-Dimensional Numerical
Simulations of Unsteady Reactive Square Jets,” Combustion and Flame,
Vol. 100, No. 1/2, 1995, pp. 2–10.

8Best, P. E., Chien, P. L., Carangelo, R. M., Solomon, P. R., Danchak,
M., and Ilovici, I., “Tomographic Reconstruction of FT-IR Emission and
Transmission Spectra in a Sooting Laminar Diffusion Flame: Species Con-
centrations and Temperatures,” Combustion and Flame, Vol. 85, No. 3/4,
1991, pp. 309–318.

9Emmerman, P. J., Goulard, R., Santoro, R. J., and Semerjian, H. G.,
“Multiangular Absorption Diagnostics of an Argon–Methane Jet,” Journal
of Energy, Vol. 4, No. 2, 1980, pp. 70–77.

10Hughey, B. J., and Santavicca, D. A., “A Comparison of Techniques
for Reconstructing Axisymmetric Reacting Flow Fields from Absorption
Measurements,” Combustion Science Technology, Vol. 29, No. 3–6, 1982,
pp. 167–190.

11Ray, S. R., and Semerjian, H. G., “Laser Tomography for Simultaneous
Concentration and Temperature Measurements is Reacting Flows,” Com-
bustion Diagnostics by Nonintrusive Methods, edited by T. D. McCay and
J. A. Roux, Vol. 92, Progress in Astronautics and Aeronautics, AIAA, New
York, 1982, pp. 300–324.

12Ravichandran, M., and Gouldin, F. C., “Reconstruction of Smooth Dis-
tributions from a Limited Number of Projections,” Applied Optics, Vol. 27,
No. 19, 1988, pp. 4084–4097.

13Kak, A. C., Principles of Computerized Tomographic Imaging, IEEE
Press, New York, 1988, pp. 49–169.

14Lewitt, R. M., “Reconstruction Algorithms: Transform Methods,” Pro-
ceedings of the IEEE, Vol. 71, No. 3, 1983, pp. 390–408.

15Björck, A., Numerical Methods for Least Squares Problems, Society
for Industrial and Applied Mathematics, Philadelphia, PA, 1996, p. 1.

16Golub,G. H., andVan Loan,C. F.,MatrixComputations, JohnsHopkins
Univ. Press, Baltimore, MD, 1985, pp. 70–75.

17Sirovich, L., Ball, K. S., and Keefe, L. R., “Plane Waves and Structures
in Turbulent Channel Flow,” Physics of Fluids A, Vol. 2, No. 12, 1990, pp.
2217–2226.

18Verhoeven, D., “Limited-Data Computed Tomography Algorithms for
the Physical Sciences,” Applied Optics, Vol. 32, No. 20, 1993, pp. 3736–

3754.
G. Laufer

Associate Editor


